Abstract. This study presents an abelian group approach to analyzing inconsistency in pairwise comparisons. A notion of an inconsistency indicator map on a group, taking values in an abelian linearly ordered group, is introduced. For it, metrics and generalized metrics are utilized. Every inconsistency indicator map generates an inconsistency indicator of a pairwise comparisons matrix.
Introduction
The first documented use of pairwise comparisons (PC) is attributed to Ramon Llull, a 13th-century mystic and philosopher. A number of controversial customized pairwise comparisons have been considered in numerous studies. However, we do not intend to support any customization here. Amongst many others, Saaty's seminal work [16] had a considerable impact on the pairwise comparisons research. Authors' position is that the influence of [16] on the pairwise comparisons research should be acknowledged despite its serious controversies for what seems to be related to the mathematical depth and recently proven (in [11] ) incorrectness of the inconsistency indicator (known as CI in [16] ). This study provides an enhanced alo-group perspective for inconsistency in pairwise comparisons originated in [2] where deficiencies exist and some (but not all) are addressed by this study.
All measurement (physical or not) are related to pairwise comparisons. For example, when we say that the distance between stars A and B is 2.71 light years, we simply compare the unit of distance of distance (in this case, one light year) to the distance between A and B. Pairwise comparisons are of particular use where a unit of measurement cannot be defined and it is so for most subjective assessments. For example, public safety or environmental pollution lacks a unit (or a "yard stick") for the measurement yet we need to somehow measure it by comparing them to each other and expressing it by a ratio stored in what we call a PC matrix.
A triad of numbers x, y, z is called consistent if xz = y. This is a multiplicative consistency and it says how many times we should take x to get y. Another approach to the consistency of triads of numbers is additive. Namely, a triad x, y, z of numbers is called additively consistent if x + z = y. Additive consistency is relevant to the question: "how much one should add to x to get y". In most studies about PC, mainly multiplicative consistency was considered (cf. for example [1] , [7] , [9] , [11] ). However, additive PC have been analyzed, for instance, in [20] . Differences between quality values instead of ratios appear in BTS model. In [2] , both multiplicative and additive pairwise comparisons were unified to the comparison of elements of abelian linearly ordered groups (in abbreviation; alo-groups). A consistency index of triads of elements (similar to [9] ) of an alo-group was defined in [2] . An inconsistency indicator for triads was introduced in [9] for the multiplicative case. The analysis of Koczkodaj's inconsistency indicator are included in [1] and [11] .
An axiomatization of inconsistency in pairwise comparisons was proposed in [11] . In this paper, an inconsistency indicator map on a group, strictly relevant to generalized metrics which take their values in an alogroup, is introduced. This study corrects and enhances some results of [2] which has attempted to generalize the multiplicative and additive variants of PC. Regretfully, the inconsistency in [2] suffered from the same problem as CI in [16] as pointed by the counter-example (CPC) in Section 5 of [11] . Both inconsistency indicators tolerate an error in pairwise comparisons of an arbitrary values (e.g., 10,000,000% or more).
A PC matrix over a group
Let X = X, · be a group. We denote by 1 X or, for simplicity, by 1 the unit element of X.
An n × n matrix A = [a i,j ] over a set X is a mapping A : n × n → X such that a i,j = A(i, j) for each pair i, j ∈ n × n where n is a positive integer number.
Definition 2.1. For n ∈ {1, 2, . . .}, let A = [a i,j ] be an n × n matrix such that a i,j ∈ X for all i, j ∈ n. We say that: (i) the matrix A is a pairwise comparisons matrix (in abbreviation a PC matrix ) over the group X if a i,i = 1 and a i,j = a −1 j,i for all i, j ∈ n; (ii) the matrix A is a consistent matrix over the group X if a i,k · a k,j = a i,j for all i, j, k ∈ n;
Remark 2.2. When · is the standard multiplication of positive real numbers, we call the ordered pair R + = (0; +∞), · the standard multiplicative group of positive real numbers. The notion of a PC matrix over this group coincides with the usual notion of a PC matrix used by many PC researchers (cf. for example [1] , [7] , [9] , [10] , [11] , [12] and [20] ) but the list is certainly longer. Pairwise comparisons matrices over a group equipped with a linear order were also considered in [2] .
Fact 2.3. Every consistent n × n matrix A = [a i,j ] over a group X is a PC matrix over X.
An inconsistency indicator map on a group
To formulate a definition of an inconsistency indicator map, we will use the following notion of an alo-group investigated in [2] and, for example, also in [8] :
Definition 3.1. An abelian linearly ordered group (abbreviated to "alo-group" here) is an ordered pair G, ⊙ , ≤ where G, ⊙ is an abelian group, while ≤ is a linear order on G such that if a, b, c ∈ G and a ≤ b, then a ⊙ c ≤ b ⊙ c.
Distance functions taking values in alo-groups were considered, for instance, in [2] and [8] . We modify Definition 3.2 of [2] , by dropping the first condition d(a, b) ≥ e, to the following:
2 → G such that, for all x, y, z ∈ X, the following conditions are satisfied:
The first condition d(a, b) ≥ e is excessive and it becomes a rather simple Proposition 3.3 (it is included here for completeness although it might have been buried in some publication). Proposition 3.3. Let G = G, ⊙ , ≤ be an alo-group and let d be a G-metric on a set X. Then, for all x, y ∈ X, the following inequality holds:
Proof. Let x, y ∈ X and let a = d(x, y). We have
In what follows, let us assume that G = G, ⊙ , ≤ is an alo-group.
for all x, y ∈ G. Then the function
Notice that, by Proposition 3.2 of [2] , d G is a G-metric on the set G, indeed.
Definition 3.6. Let X = X, · be a group. A G-distance-based inconsistency indicator map (in abbreviation: a G-inconsistency indicator map) on the group X is a function T : X 3 → G such that, for all a, b, c, d, e ∈ X, the following conditions are satisfied:
Proof. Let x, y, z ∈ X. We will refer to conditions (i)-(iii) of Definition 3.6. By (i), we have:
Definition 3.9. Let T be a G-inconsistency indicator map on a group X. Then the function d T :
Proposition 3.10. Every G-inconsistency indicator map T on a group X satisfies the following conditions:
(ii) the group X is abelian if and only if T (x, y, z) = T (z, y, x) for all x, y, z ∈ X.
Proof. Assume that T is a G-inconsistency indicator map on a group X. Let x, y, z ∈ X. By Proposition 3.8, we have
This completes the proof.
Proposition 3.11. Let X be a group and let d :
Proof. This theorem follows easily from Propositions 3.8 and 3.11 taken together.
Corollary 3.14. If a ∈ G and 1 G < a, while T 1 , T 2 are G-inconsistency indicator maps on a group X, then the functions max{T 1 , T 2 }, T 1 ⊙ T 2 and min{T 1 , a} are all inconsistency indicator maps on X. 
and min{T 1 (x, y, z), a} = min{d 1 (xz, y), a}, it suffices to apply Theorem 3.13 to conclude the proof. Definition 3.15. We say that a G-inconsistency indicator map T on a group X is bounded by a ∈ G if T (x, y, z) ≤ a for all x, y, z ∈ X. Proposition 3.16. Let X 1 , + , X 2 , · be groups and let X = X 1 × X 2 be equipped with the product operation x 1 , x 2 * y 1 , y 2 = x 1 + y 1 , x 2 · y 2 for x 1 , y 1 ∈ X 1 and x 2 , y 2 ∈ X 2 . Suppose that T i is a Ginconsistency indicator map on the group X i for i ∈ {1, 2}. For all elements x 1 , x 2 , y 1 , y 2 , z 1 , z 2 of X, we define
Then the mapping T : X 3 → G is a G inconsistency indicator map on the group X.
Proof. Let d i be the G-metric induced by T i for i ∈ {1, 2}. Put
for all elements x 1 , x 2 , y 1 , y 2 , z 1 , z 2 of X. To conclude the proof, it suffices to use Proposition 3.11.
Proposition 3.17. Let T be a G-inconsistency indicator map on a group X. Then the function S : X 3 → G, defined by S(x, y, z) = T (z, y, x) for all x, y, z ∈ X, is a G-inconsistency indicator map on X if and only if X is abelian.
Proof. If X is abelian, then S = T by Proposition 3.10(ii). Now, assume that S is a G-inconsistency indicator map on X and define F = max{T, S}. By Corollary 3.14, F is a G-inconsistency indicator map on X. Since F (x, y, z) = max{T (x, y, z), S(x, y, z)} = max{T (x, y, z), T (z, y, x)} = F (z, y, x) for all x, y, z ∈ X, we deduce from Proposition 3.10(ii) that X is abelian.
Proof. Let d T be the G-metric induced by T . For x, y ∈ X, we de- Proof. It suffices to apply Corollary 3.14 and Proposition 3.18. Definition 3.23. If G is R, + , ≤ , where + is the standard addition of real numbers and ≤ is the standard linear order in R, then every G-inconsistency indicator map on a group X will be called a real inconsistency indicator map or an inconsistency indicator map on X. We call R, + , ≤ the additive real alo-group. Definition 3.24. A G-absolute value on a group X is a function v : X → G such that, for all x, y ∈ X, the following conditions are satisfied:
If G is the additive real alo-group, then a G-absolute value on X will be called a real absolute value on X. Example 3.28. For x ∈ R + , we define v(x) = 1 − min{x, x −1 }. Let us check that v : R + → R is a real absolute value on the standard multiplicative group R + of positive real numbers.
Let x, y ∈ R + . Evidently, 0 ≤ v(x). Moreover,
The inequality v(x · y) ≤ v(x) + v(y) is equivalent to the following inequality (A):
To prove (A), we shall consider the following cases:
This implies that (A) holds and, in consequence, v is a real absolute value. In view of Fact 3.26, the function d, defined by d(x, y) = v(xy −1 ) for all x, y ∈ R + , is a metric on R + . Let T d be the inconsistency indicator map induced by the real absolute value v on the group R + . Obviously, T d is pairwise symmetric and bounded by 1. Furthermore, if we use the function KI : R } for all x, y, z ∈ R + , we see that KI = T d . Notice that KI was defined in [9] . The articles [1] and [11] analyze KI; however, they do not show that KI is induced by a real absolute value. Example 3.29. Let X = R and Y = (0; +∞). Let + and · denote the standard addition in X and, respectively, standard multiplication in Y . Suppose that a is a fixed positive real number. Obviously, the mapping Φ : X ∋ x → a x ∈ Y is an isomorphism of the group X, + onto the group R + = Y, · . By Facts 3.4, 3.7 and 3.25, taken together with Example 3.28, we may define a G-absolute value w : X → G, a G-metric ρ : X 2 → G and a G-inconsistency indicator map S : X 3 → G by the formulas:
for all x, y, z ∈ X. The indicator map S a is also pairwise symmetric and bounded by 1.
Remark 3.30. Usually, a mapping T : X 3 → Y is called symmetric if, for any x 1 , x 2 , x 3 ∈ X 3 and for any permutation σ of the set {1, 2, 3}, the equality
We are going to show that a G-inconsistency indicator map can be symmetric only for very special groups. Definition 3.31. Let T be a G-inconsistency indicator map on a group X. Let S 3 be the set of all permutations of the set {1, 2, 3}. The full symmetrization of T is the mapping T f : X 3 → G defined by the formula:
Theorem 3.32. Let T be a G-inconsistency indicator map on a group X. Then the following conditions hold:
Proof. Let d T be the G-metric induced by T . For x, y ∈ X, we define ρ(x, y) = T f (x, y, 1). It is easy to observe that
Assume that T f is a G-inconsistency indicator map on X. Since, by Proposition 3.8, the function ρ :
To prove (ii), suppose that T is induced by a G-absolute value v and that x 2 = 1 for each x ∈ X. Then the group X is abelian. Therefore, we can notice that, for all x, y ∈ X, the following equalities hold:
Corollary 3.33. Let T be a G-inconnsistency indicator map induced by a G-absolute value on a group X. Then T f is a G-inconsistency indicator map on X if and only if x 2 = 1 for each x ∈ X.
Since every inconsitency indicator map on a group X is defined on X 3 , while every metric on X is defined on X 2 , it is reasonable to find such a generalized metric, defined on X 3 , which is strictly relevant to a given inconsistency indicator map on X. It seems that generalized metrics introduced in [14] are most suitable to this aim. We modify Definition 3 of [14] as follows: Definition 3.34. A (3, G)-metric on a set X is a function g : X 3 → R which satisfies the following conditions:
(ii) 1 G < g(x, x, y) for all x, y ∈ X with x = y; (iii) g(x, x, y) ≤ g(x, y, z) for all x, y, z ∈ X with z = y; (iv) for every permutation σ of the set {1, 2, 3} and for all x 1 , x 2 , x 3 ∈ X, the equality g(x 1 , x 2 , x 3 ) = g(x σ(1) , x σ(2) , x σ(3) ) holds; (v) g(x, y, z) ≤ g(x, a, a) ⊙ g(a, y, z) for all x, y, z, a ∈ X. Theorem 3.35. Let X be a group. For a function T : X 3 → G and for all x, y, z ∈ X, let g T (x, y, z) = max{T (x, y, 1), T (x, z, 1), T (y, z, 1)}.
Then T is a G-inconsistency indicator map on X if and only if the function g T :
T (x, y, z) = max{g(xz, y, y), g(xz, xz, y)} for all x, y, z ∈ X.
Proof. Necessity. Assume that T is a G-inconsistency indicator map on X and let d T be the G-metric induced by T . Then the function g :
for all x, y, z ∈ X, is a (3, G)-metric on X (cf. [14] ). It is easily seen that g = g T and that max{g(xz, y, y), g(xz, xz, y)} = d T (xz, y) = T (x, y, z).
Sufficiency. Now, we assume that the function g T is a (3, G)-metric on X such that T (x, y, z) = max{g(xz, y, y), g(xz, xz, y)} for all x, y, z ∈ X. Then the function ρ g : X 2 → G, defined by
for all x, y ∈ X, is a G-metric on X such that ρ g (xz, y) = T (x, y, z) for all x, y, z ∈ X. It follows from Theorem 3.13 that T is a G-inconsistency indicator map on X and that ρ g is the G-metric induced by T .
T-inconsistency index
As in the previous section, we assume that G = G, ⊙ , ≤ is an alo-group. Definition 4.1. Let T be a G-inconsistency indicator map on a group X. For a non-void finite subset C of X 3 , let
We call I T [C] the T -inconsistency index of the set C.
be an n × n PC matrix over a group X and let T be a G-inconsistency indicator map on X. Then the T -inconsistency index of the matrix A is I T [A] defined by
In other words,
Remark 4.3. Let A = [a i,j ] be a 3 × 3 PC matrix over G. In [2] , the consistency index I G of A was defined as follows:
. This is partly why we do not define
Example 4.4. Let us fix elements a, b, c ∈ G such that 1 G < a < b < c. Let X a = {x ∈ G : 1 G ≤ x} and X b = G \ X a . For distinct x, y ∈ X, we put ρ(x, x) = 1 G , ρ(x, y) = a if both x, y are elements of X a , while ρ(x, y) = b if both x, y are elements of X b . Finally, ρ(x, y) = c if either x ∈ X a and y ∈ X b or x ∈ X b and y ∈ X a . Then ρ is a G-metric on G. Let T be the G-inconsistency indicator map on G induced by ρ. Put a i,i = 1 G for each i ∈ 3, a 0,1 = a 0,2 = a 1,2 = a and (a 0,1 ⊙ a 1,2 , a 0,2 ) . Corollary 4.5. For n ∈ ω \ 3, let A = [a i,j ] be an n × n PC matrix over a group X and let T be a G-inconsistency indicator map on X.
Proof. We deduce it from the definition of T s and from the equality
Corollary 4.6. Let A = [a i,j ] be a 3 × 3 PC matrix over a group X and let T be a G-inconsitency indicator map on X. Then
Proof. It suffices to observe that the following equations hold:
Example 4.4 clearly shows that, in general, the equality from Corollary 4.6 cannot be simplified; however, we can offer the following proposition. Proof. We observe that T (x, y, z) = d v (xz, y) = max{v((xz) · y −1 ), v(yz −1 x −1 )} = T s (x, y, z).
Let a 0,1 = x, a 0,2 = y, a 1,2 = z. Since X is abelian, it is easily seen that T (x, y, z) = T (x −1 , z, y) = T (y, x, z −1 ). We apply Corollary 4.6 to conclude the proof.
Remark 4.8. In the light of Proposition 4.7, the consistency index from Definition 6.1 of [2] is a special case of our T -inconsistency index of a matrix.
Fact 4.9. Let T p be a G-inconstistency indicator map on a group X p for p ∈ {1, 2}. Suppose that A p = [a i,j ] is an n × n PC matrix over the group X p for p ∈ {1, 2}. Let X = X 1 × X 2 , while T ((x 1 , x 2 ), (y 1 , y 2 ), (z 1 , z 2 )) = max{T 1 (x 1 , y 1 , z 1 ), T 2 (x 2 , y 2 , z 2 )} for all x p , y p , z p ∈ X p and p ∈ {1, 2}. For all i, j ∈ n, let c i,j = (a i,j , b i,j ). Then, for the n × n PC matrix C = [c i,j ] over X, we have In the literature on the theory of pairwise comparisons, the classical PC matrices are often transformed by a logarithmic operation into socalled additively consistent matrices (cf. [10] , [12] ). Therefore, it is reasonable to apply Example 3.29 as follows. 
Conclusions
It is a project in progress report. It seems that the issue of using "G-metric" is the biggest current problem to solve.
